Finite settling time control of the double integrator is considered. The approach taken is to design a compensator based on a virtual lossless absorber which is tuned so that, at some predetermined time, the virtual subsystem possesses all of the system's energy. At this time the controller is turned off, and the double integrator remains at rest at the origin. This strategy gives the appearance of instantaneously removing all of the system's energy as if a trap door had been sprung. A practically useful feature of the virtual trap-door absorber is that only position measurement is required. Controller parameters for the virtual trap-door absorber controller are chosen, and the resulting controller is compared to the classical minimal-time and minimal-energy controllers, which require measurements of both position and velocity.
Introduction
Stabilization of rigid-body translational or rotational motion, M q = U , the so-called double integrator problem, is a fundamental problem in control engineering. While exponential stability is obtained by simply setting U = -aq -bq, where a and b are positive constants, it is often desirable in practice to stabilize the motion in finite time. For this objective the classical optimal control literature provides two approaches, namely, the minimal-time controller and the minimal- ' (404) FAX (404) energy controller [l, 21 . The purpose of this paper is to develop a third controller that brings the double integrator to the origin in finite time, and, in addition, eliminates the need for full-state feedback.
The controller we develop in this paper is based upon physical principles rather than optimality criteria. Inspired by the extensive literature on mechanical absorbers 131, this new controller is designed to emulate the action of a mechanical proof-mass absorber by applying forces to the mass M that a physical proof-mass absorber would apply. Since the proof-mass absorber is emulated rather than implemented, our controller can be viewed as a virtual absorber.
The controller design involves choosing the values of the virtual proof mass and spring elements so that, at some predetermined time, all of the energy associated with the double integrator is transferred to the absorber subsystem. Ordinarily, the absorber subsystem would possess all of the energy only instantaneously, after which time energy would begin to return to the plant. However, since the time at which total energy transfer occurs is known independent of t h e znztial state of the double zntegrator, we turn off the controller at that instant, so that all of the energy appears to be instantaneously removed, as if it had exited through a trap door. The mass M will then remain at rest at the origin. For this reason, we call this controller a virtual trap-door absorber.
Although the virtual trap-door absorber is not based on an optimality criterion, numerical calculations indicate that its performance is close to that of the minimaltime and minimal-energy controllers. In particular, for certain initial conditions, the settling-timelcontroleffort tradeoffs show that, for a given settling time, the virtual trap-door absorber has a lower energy cost than the minimal-time controller and a lower maximum control amplitude than the minimal-energy controller. Furthermore, simulations suggest that perturbations of the mass M are less detrimental to the performance of the virtual trap-door absorber controller than the optimal controllers.
An additional benefit of the virtual trap-door absorber controller as compared to the minimal-time and minimal-energy controllers is the fact that the virtual trap-door absorber controller requires only a position measurement, whereas the minimal-time and minimalenergy controllers require both position and velocity measurements. Hence, the virtual trap-door absorber is an output feedback controller in contrast to the minimal-energy and minimal-time controllers which are both full-state feedback controllers.
. System Description
Consider the double integrator described by
with initial conditions ql(0) = qlo, il(0) = 410. Our goal is to bring the position ql(t) and velocity 41(t) of the double integrator to zero in finite time. The controller we consider emulates the lossless system shown in Figure 1 , where the springs I< and k as well as the mass m are virtual elements whose effect on the mass M is implemented by means of a dynamic compensator and a force actuator. The dynamics of the closed-loop system are given by where q2 represents the position of the virtual mass m. As shown in Figure 2 , the system ( 2 ) -(4) can be represented as the single-input, single-output feedback interconnection of the double integrator plant with a second-order, proper dynamic compensator whose input is the position of the mass M .
For notational convenience, we define the quantities
x 2 + w : x r = 0,
where ( ' ) now represents differentiation with respect to normalized time T. The closed-loop system (5) - (7) has the form
where
The characteristic equation of A is given by
( 11) which can be factored as where
and the eigenvalues of A are X1,2 = f j w , X3,4 = AjQ.
The closed-loop system (8) is thus Lyapunov stable. By noting (14) it is clear that the expressions (12) and ( (8) gives
which yields 
Finite Settling Time Controller Synthesis
The following theorem provides a method for selecting the controller parameters I -, k , and m for the virtual trap-door absorber controller.
Consider the double integrator (2) with the virtual absorber subsystem (3), (4), and initial conditions (17). Let n and p be nonnegative integers, and choose positive numbers K , k, and m such that Theorem 3.1.
Then where Furthermore, the control force u(t) given by (7) is bounded by
The proof of this theorem is omitted for brevity. is given by where Remark 3.2. Note that the timet, is independent of the initial states qlo and q l o . Furthermore, the smallest value o f t , for which ql(t,) = 0 and &(t,) = 0 is obtained by choosing n = p = 0 in (22), which yields
This value is achieved by setting k = 41-13 and m = 4M/3. Furthermore, note that t, can be made arbitrarily small by choosing Ii' to be sufficiently large, although large IC tends to increase the control amplitude as suggested by the bound in (23).
The virtual trap-door absorber design is based on Theorem 3.1. Specifically, the controller shown in Figure 2 is implemented for 0 < t < t,. At time t = t,, the control is deactivated, so that the mass M remains at rest at the origin. For the double-integrator plant written in state-space form as 
It now follows from Theorem 3.1 that the compensator (28), (29) is a finite-settling-time controller with settling time t,. Furthermore, Remark 3.2 shows that t, can be made arbitrarily small by choosing IC to be sufficiently large.
Performance Analysis
In this section, we compare the virtual trap-door absorber controller to the minimal-time and minimalenergy controllers.
Controller Designs troller given by [l, 21
We first consider the classical minimal-time conwhere ~2 = -umaxsgn(ql(t)).
(31)
This full-state-feedback controller is characterized by a discontinuous control force u(t) that switches between f u m a x on the switching curve q1 i - is minimized, and q(ts) = 0. For the double integrator (27) the control laws (32), (33) become, respectively, 
then the control amplitude lu(t)l satisfies the bound
To design the virtual trap-door absorber controller, we choose n = p = 0 in (20), so that k = 4K/3 and m = 4M/3. The value of the parameter I + will be chosen later t o satisfy a control amplitude constraint.
To compare these three controllers, we let M = 1 and impose the control amplitude constraint
To satisfy (39) for the minimal-time controller, we set umaX = 1 in (30). In order to ensure for the minimalenergy controller that (39) is satisfied for initial condi- Figure 3 . Notice that the settling times of the minimal-time controller depend on the initial condition, while the settling times of the minimalenergy and virtual trap-door absorber controllers, as mentioned in Remark 3.2, do not. Also notice that the settling times of the minimal-time controller are all substantially smaller than those of the virtual trapdoor absorber controller, while the virtual trap-door absorber is marginally faster than the minimal-energy controller.
In Figure 4 and Figure 5 , we choose two initial conditions of the form q l o = cos8, 410 = sine, for 8 = 45' and 8 = 135' degrees. The time history of the mass M plotted as velocity versus position is given in Figure 4, while the control history is plotted in Figure 5 . It can be seen in Figure 5 that the minimal-time controller is piecewise constant with three discontinuities in control:
switching on at t = 0, switching sign, and switching off when the mass M reaches the origin. The minimalenergy and virtual trap-door absorber controllers each have two discontinuities in control: switching on at t = 0, and switching off when M reaches the origin.
For an additional performance comparison, Figure 6 illustrates the tradeoff of control magnitude versus settling time, while Figure 7 illustrates the tradeoff of the control energy (34) versus settling time. The tradeoff analysis is performed for the particular initial condition q l o = cos45' and 410 = sin45". To generate the data for the minimal-time controller, values of U, , , were chosen and the corresponding settling times and energy integrals were computed. For the minimal-energy controller, values of the settling time t, were chosen and the resulting values of U, , , and the energy integral J were computed. Similarly, for the virtual trap-door absorber controller, values o f t , were chosen, and the parameter K was chosen according to (24) . The values of U, , , and the energy integral J were determined from the time history of the control. The simulations indicate that the virtual trap-door absorber has a better tradeoff of maximum control magnitude versus settling time than the minimal-energy controller, and a better tradeoff of control energy versus settling time than the minimal-time controller.
Finally, the tradeoff comparison of Figures 6 and 7 is repeated for 8 = 135 degrees. In this case, the minimaltime and minimal-energy controllers have better performance than the virtual trap-door absorber controller in terms of both control effort and maximum control amplitude. This is to be expected since for this initial condition, t, = 2, and umax = 1/2/4 M 0.354, the minimal-time and minimal-energy controllers are identical.
For each of these controllers, finite settling time performance is predicated on perfect knowledge of the double integrator mass M . Simulations indicate that for a 10% perturbation in the mass, the minimal-time controller computed by (30) undergoes high-frequency switching, or "chattering," as the double integrator states approach the origin. The feedback form of the minimal-energy controller (36) exhibits control forces that approach infinity as time approaches the design settling time t, due to the presence of a singularity in the gain at this point.
To implement the virtual trap-door absorber, we reset the states of the controller every t, seconds, rather than simply disconnecting the controller at timet,; that is, the states of the controller are reassigned the values qz(t) = ql(t), i 2 ( t ) = 0, periodically, with period t,.
Since the resetting time is a function of the clock, and the values t o which the controller states are reassigned depend only on the output q1, it follows that the output feedback property is preserved in this resetting generalization of the virtual trap-door absorber.
In the case of 10% perturbation in the double integrator mass, the resetting virtual trap-door absorber controller is characterized by a control signal that tends to decrease in amplitude with each reset activity, while the states asymptotically approach the origin. Due to the periodic resetting, the control signal exhibits regularly spaced discontinuities. Nonetheless, this control action may be considered preferable to the optimal controllers since it neither suffers from chattering nor exhibits unbounded control when the mass M is not perfectly known. A plot of the state and control time histories for the resetting virtual trap-door absorber controller is given in Figure 8 .
Conclusions
A new method for finite settling time control of the double integrator was given. The method involves implementing a compensator with position measurement that emulates a lossless mass-spring system, tuned in such a way as to bring the states of the double integrator to the origin in a finite time t,. The time t, is determined as part of the control design procedure and is independent of the initial conditions of the double integrator states. At time t, the compensator is turned off, and the double integrator mass remains at the origin.
Although the virtual trap-door absorber is not based on an optimality criterion, numerical calculations indicate that its performance compares favorably to the classical minimal-time and minimal-energy controllers. Specifically, numerical calculations indicate that for certain initial conditions the virtual trap-door absorber has a better tradeoff of maximum control magnitude versus settling time than the minimal-energy controller, and a better tradeoff of control energy versus settling time than the minimal-time controller. 
